MATH2050C Selected Solution to Assignment 8

Section 4.2
(11c). Let x,, = 1/(2n7m) — 0 as n — oco. Then

lim sgnsinl/z, = hm sgn0 =0 .
n—oo

On the other hand, let y, = 1/(2nm + 7/2) — 0 as n — oo. We have
lim sgnsinl/y, = lim sgn 1 = 1.
n—oQ n—oo

We conclude from Sequential Criterion that the limit does not exist.

(11d). Using the inequality
Vzsinl/z? <z ,

and the fact that lim,_,g+ /z = 0, we conclude from Squeeze Theorem that

1
lim /zsin— =0 .

z—0+t x2
Section 4.3
(3) Let M > 0 be given. We take § = 1/M?. Then for z,0 < |z| < 6,

>—=M,

-
Sl

so lim,_,o+ 1/+/]z| = 0.
(5a) The right hand limit is co. (More precisely, the right hand limit does not exist; it diverges

to 00.) Let M > 0. Choose § = 1/M. Then for z,1 <z <1+ 1/M,

T 1
r—1" -1

(5b) The limit does not exist. The right limit diverges to oo and the left limit diverges to
—o00. For M > 0. Choose 6 = min{1/2,1/(2M)}. Then for 2,0 < z — 1 < 4, we have
x>1—-0>1-1/2=1/2. Thus,

x 1/2 1
r—1"x— 5—2><1/(2M)

=M,
which shows that lim,_,1+ x/(x—1) = co. Similarly, one can show that lim, ,;- z/(x—1) = —o0.

(5h) The limit exists and is equal to —1. For x > 0,

‘\/5—33 2V
VT +x f+x -

\f_2
r o

1] -

By Squeeze Theorem,
0 < lim f v

2
< Ii —=0.
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Supplementary Problems

Justify your answers in the following problems.

1. Find the limits of z3e™® where ¢ = —00,0 and 0o as  — c.
Solution. Observing that lim,_,_oo 237 = lim,_,oo —2%e® and e* > 1 for 2 > 0, we have
—23e® < —23, 50 limy_s_oo 2% = —00. Next, as 2> — 0 and e® — e =1 as z — 0,

by the Limit Theorem lim,_o23e® = lim,_o2>lim,_0e® = 0 x 1 = 0. Finally, using
e® > xt/24, 23e™® < 24/x for x > 0. By Squeezing, lim, .o, 23e™% = 0.

3. Show that z — %3 <sinz <z, for z € [0,1] and deduce lim,_,o S22 = 1.

Tz T
Solution. For x € [0, 1],

x3 335 .1‘7 SU9
TR T TR T
:I,'3 335 x7 119
= o= (g-5)-Gr-w)

< x,

since the terms in brackets are nonnegative. On the other hand,

, 2> 27 2d
sinz = @b gy
- 3 > 27 29 a1
= o=t () + (g~ m)
23
> T

since the terms in brackets are nonnegative. From z — 23/6 < sinz < x,z € [0,1], we
get 1 —22/6 < sinx/x < 1 for z € (0,1]. Since sinx/x is even, this inequality holds for
x € [—1,0) too. By Squeezing we conclude lim,_,¢sinz/z = 1.

4. Find lim,_,( sin 62/ sin 5z.

Solution. By the limit theorem and the previous problem

sinbx 6 .. sin6zx . 5% 6

im — = — lim im — = -
z—0 sin Hx 5z—=0 6x z—0sinbx 5

5. Find the limit of y/(z + a)(z + b) — x as * — oo. Here a,b > 0.
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Solution. We have
(x4 a)(x + b) — 22

(z+a)(e+b) -z (z+a)(z+b)+z

B (a+b)x+ab
- JEta@+b) +a
B a+b+ab/x
- VO Fa/o) (I +b/x)+1
. a+b
5
as r — 00.
6. Evaluate

22 —2x—-15
hm _——.
r——3 x+3

z2—2z—15 — (z+43)(z—5)

Solution. Use 22 — 2z — 15 = (z + 3)(x — 5), we have £=2& 43

long as x 4+ 3 # 0. Therefore,

2_2x—15
lim S lim (z —5) = —8.
z——3 z+3 z——3
7. Evaluate
. cosl/x
lim .
T—>00 €T

Solution. Observe that |cos1/z| <1 for all z. For € > 0, take K = 1/¢. Then

1
<—-<e, Vr>K.

cosl/x

T

8

We conclude that the limit is equal to 0.

bx —\/x
Vo — a3

Solution (a)

8. Find lim,_,. for ¢ =0T and .

5e— o _ o BVE =1 limg e (5VE — 1)

- = =-1.
z—0+ ﬁ — g3 z—0t+ 1 — .1}5/2 limxﬁo-;—(l — 1‘5/2)

(b) For z > 1,

Sbx —\/x
Vo —a3

5Vx 5 1

S22 -1 21—z

_’5\/5—1

|1 — 252

As 5 1
:ch—>nolo?1 —$75/2 =0 ’

by Squeeze Theorem
lim 5 = vt VT

z—o0 /1 — 3

=0.

= r —

5 as



